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dX

du
= f(X) + σ

dW

du
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X(0) = x−, X(1) = x+.
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∂x

∂t
=

1

σ2

(

∂2x

∂u2
− f(x)f ′(x) − σ2

2
f ′′(x)

)

+
√

2
∂w

∂t
∀(u, t) ∈ [0, 1]× (0,∞),

8s~�a ~��#=

x(0, t) = x−, x(1, t) = x+ ∀t ∈ (0,∞),
8�~La�~%M)=

x(u, 0) = x0(u) ∀u ∈ [0, 1].
8�~La�~+&R=

�_�R�!� ∂w
∂t
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(u, t)
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∂t − 1

σ2

∂2

∂u2
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u = 0, 1
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∂x

∂u
(0, t) = f

(

x(0, t)
)

,
∂x

∂u
(1, t) = f

(

x(1, t)
)

∀t ∈ (0,∞)
8s~La �#=
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X
�%0

u = 0
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u = 1
aD����*CB�5-�R�#@�B40!".0!�?�JM)"#K�,?@����!P�&N"�,?@�*o06*7"#,?B

x(0, t) = x−,
∂x

∂u
(1, t) = f

(

x(1, t)
)

∀t ∈ (0,∞).
8s~La X1=

�_"�0!�#Y[��"%�4�N$��R�RYF06�?�%0J*-,<06����&N�#BT�."+G���GH�6�N�.�6*7I#�#0J�R,?@A|bE)"#*7,10�&�"#,?@L*70!*-"�,g��*70!�
X
BTEF�R&N*oz?�c@<�+0

u = 0
Y
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B!*-I�,?��5s� dX

du
= f(X) + σ

dW

du
, X(0) ∼ N (a, δ2)

"#M?BT�R�!$%�+0!*-"�,[� dY

du
= g(X) + γ

dV

du
, Y (0) = 0,

8:�?a7]Q=

�����R�!�
W

��,?@
V
�+�6�kBT06��,?@����6@�Ow�6"%��,�*C�+,�>."�0!*-"�,?BRa��<�k06��*-,� ���M)"#KL090!��*CB�E?��*7�9"+G'�Rj1K?�+0!*-"�,?B9�#B

@L�cB!&N�!*-M�*-,�I;�r,?"�*CBT*-57Pm"#M?B!�N�6$��R@�BT*-I�,)�+5�a����?�z)�6BT0��Rj1K?�%06*7"#,�I#*7$#�RB�0!�?��BS06"A&(�)��BT0!*C&��R$�"�5-KL06*7"#,�"�G30!�?�
B!*7I#,?�+5�aD������BT�c&�"#,?@l�cj#K)�%0!*-"�,k@L�cB!&N�!*-M)�cB��.,�"�*CBTP�"�M?B!�N�6$%�%0!*-"�,"+G�0!��*CB_BT06�+0!��a
�vK��4�+*-> *CBh0!"�B6�+>9E�5-�_E?�+0!�?Bw"+Gq06���'BT*-I�,?��5

X
&N"�,?@�*o06*7"#,��R@9"#,���I#*7$#�N,�"�M)BT�R�!$%�%06*7"#,�E?�%06�

Y � >9"��6�E��6�R&N*-B!�N5-P�Yc0!"vz?,?@
X(v)

I#*7$#�N,
(Y (u))u∈[0,1]

Y%GH"��	�+5-5
v ∈ [0, 1]

a�������Z��+,?I��N$A*-,dBT0!�(�%0!�RI�P'&N��,dMF�4��E�E�5-*7�c@
0!".06��*-B3BT*70!K?�+0!*-"�,[Y�0!"A"?aD�����J�6�RB!K�570!*-,�IlVA}htvu *-B

∂x

∂t
=

1

σ2

(

∂2x

∂u2
− f(x)f ′(x) − σ2

2
f ′′(x)

)

+
g′(x)

γ2

(

dY

du
− g(x)

)

+
√

2
∂w

∂t
∀(u, t) ∈ [0, 1]× (0,∞),

8:�?a ~��#=

∂x

∂u
(0, t) = f

(

x(0, t)
)

+
σ2

δ2

(

x(0, t) − a
)

,
∂x

∂u
(1, t) = f

(

x(1, t)
)

∀t ∈ (0,∞),
8s��a�~%M)=

x(u, 0) = x0(u) ∀u ∈ [0, 1].
8s��a�~+&R=

i B_*7,0!���JE?�!�R$1*-"�K)B�BT�c&�0!*-"�,�Y ∂w
∂t

*-B3�����?*o06�J,�"�*CBT�'*-,
(u, t)

a
�_"�0!*C&��J06�?�%0f*oG

f, g
�+�6��5-*7,?�R�+�30!���R,��4�d�+�6��*-,g�lB!��0!K?E�����*C&(�/�N,?��M�57�cB_K?B30!"�"�ML0(�+*-,/0!���.�J�+5->��+,

z?570!�R��®+BT>9"A"+06���N�cYA,?�+>9�N5-P

X̂(v) = E
(

X(v)
∣

∣ (Y (u))u∈[0,1]

)

∀v ∈ [0, 1].

��".MF�JE��6�R&N*-B!��Y
X̂
&N��,MF�'GH"�K�,)@��#B

X̂(v) = lim
T→∞

1

T

∫ t

0

x(v, t) dt.

�/"#�!�R"%$��N�cYc0!�����R>9E�*7�6*C&N�+5?>.�c��B!K��6�wI#�N,��R�6�+0!�R@�MAP
(x( · , t))t≥0

�R,?�+M?57�cB	K?B	0!"�&N"�>9E�KL06��"+06���N��BT06�+0!*CBS06*-&RB
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*-,<8:�?a ~#=hBT0!�R>�BhGH�6"�> 06���J&N�#BT�v�����N�6�

f, g
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8:B!�N�9U tv@?{��'\�]N`�=�a

�����l@L�R�!*-$%�%06*7"#,;"�Gw06���VA}wt3u�8:��a�~�=v06"�B!��>9E�57�9GH�6"�>
X
I�*-$��N,

Y
*CB�I#*7$#�N,r*7,;06���l,��N�10.BT�c&�0!*-"�,�a

i B�*7,�06���gE?�!�R$1*-"�K)BlBT�c&�06*7"#,�06���;VL}ht3u 8:�?a ~#=.*-B�E�K��6�N5-P�GH"#�!>��+5v�+,?@ B!��"�K?5-@�MF��I�*-$��R, �r�!*-I�"#�!"#K?B
*-,#06�N�6E��6��06�+0!*-"�,0!���6"�K?I��0!���J$%�+�6*C�%0!*-"�,�"+GD&�"#,?BT06�+,10(B4GH"��6>dK�5C�9��B�*-,mU tv}4°�W1~c`�a i I1�+*-,[YLI��R,��N�(�+5-*-B6�%06*7"#,?B
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X
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Y
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��*70!��"#KL0_57"1BT*-,�I��+,AP�K�,)@L�N�(BS0(�+,?@�*7,�I)a
�vK��d��E�E��6"#�#&(�g06"g@L�N�6*-$���06���VA}htvuhB.*CBJ0!"<@L*-B6&��6��06*-B!�90!�?�B6�+>9E�5-*7,�I/E?�!"#M�57�R>kY	��E�E�5-Pg06����z?,?*o06�

@L*->9�N,?B!*7"#,?�+5�B6�+>9E�5-*7,?I<>9��06��"L@±8S]�a-]c=�Y4��,?@nE?�#B!B�06"r�r&N"�,10!*-,AK�K�> 5-*7>9*70Ra�u�K�5-�N�;V B.>9��06��"L@��+E�E�5-*-�R@
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Xn = Xn−1 + f(Xn−1) ∆u + σ ∆Wn ∀n = 1, . . . , N,
8HX)a7]Q=

�����R�!�
∆u = 1/N

�+,?@m0!���
∆Wn

���!��*�a *�a @qa N (0, ∆u)
@L*CBS06�!*-M�KL06�R@m�(�+,)@L"�> $Q���!*C�+M?57�cBNa��3B!*-,�I/0!�?*-B

*�a *�a @[aFE?�!"#E)�R�T0SP#Y?06���.@��N,?B!*o0SPk"�G�0!���9@L*CBS06�!*-M�KL06*7"#,�"+G
X = (X1, . . . , XN)

"#,
R

N *-Bf�6�R��@�*75-P�B!��"%��,/06"
MF�

ϕ(x) = C exp
(

−∆uV(x)
) 8HX)a ~#=

��*70!��0!���JEF"+06�N,10!*C�+5

V(x) =

N
∑

n=1

1

2σ2

(xn − xn−1

∆u
− f(xn−1)

)2

.
8HX)a �1=

i E?E�57PA*-,�I90!�?��Z��+,?I��N$A*-,�>9��06��"L@r8S]�a X1=w��*70!�
A = I/∆u

I�*-$��cB

dx

dt
= −∇V(x) +

√

2

∆u

dW

dt
.

8HX)a XA=

�;�JK?BT�f06���J,�"+0(�%06*7"#,?�+5[&N"�,A$��R,#06*7"#,?B�@L�RB6&��6*-M)�c@�+0406���J�N,)@"�G	B!�R&�0!*-"�,/~La

�_�T� 	r?£P��
�¥ª©k«�¡�¨��m¦�§�#�����
VAK�E?E)"1BT��06�?�%0h0!���_5-��G�04�+,?@.�6*7I#�#0�MF"�K?,?@��+�6PdEF"�*-,106Bw�+�6�wz?�A�c@9*7,�8:X?a-]c=�a������R,

X0 = x−
�+,?@

XN = x+
�+�6�� 1,?"%��,���,?@nGH"#�

X1, . . . , XN−1
�w��K?B!�06����&�"#,?@L*70!*-"�,?��5�@L�N,?B!*70SPn����*C&(��*CB9"�ML0(�+*-,��R@�MAPmz��L*-,�I

xN = x+ �+,?@�&(��"A"1BT*-,�IJ�+,l��E�E��6"�E��6*-�+0!��,�"#�!>��+5-*CB!�+0!*-"�,9&�"�,)BS0(�+,10�*7,<8HX?a�~�=�a	���?�3@LPA,?�+>9*C&NB	GH�6"�>²8HX)a XA=
�+�6�J@L��06�N�6>9*7,��c@�MAP

∂V
∂xn

= − 1

σ2

(

xn+1 − 2xn + xn−1

∆u2
− f(xn)f ′(xn) − f(xn) − f(xn−1)

∆u
+ f ′(xn)

xn+1 − xn

∆u

)

GH"��
1 ≤ n ≤ N − 1

a
�;�.&N"�,?B!*-@��N�v0!���95-*7>9*70

N → ∞ a���,<06�� A*7,�I�0!��*CB'5-*7>9*70'�4�9��B6BTK�>9�d0!�?�+0
xn = x(n∆u)

B6�+>9E�5-�RB
�;BT>9"A"+06�nGHK�,?&�0!*-"�,

x( · ) Yh�N�L&N�NEL0l�+0�06����R,?@n"�G_0!�?�k���!I#K�>9�N,10����?�N,��4��57�N0 x( · ) �?�Q$#�l,�"#,L| �R�N�6"j1K?��@��6�+0!*C&3$%�+�6*C�%0!*-"�,�a	{?"���06���'z?�(BS0�0!�R�!> "�,0!���J�6*-I��10��?�+,?@�B!*-@L�J�4�'I��N0

xn+1 − 2xn + xn−1

∆u2
≈ ∂2x

∂u2
.

������B!�R&N"�,?@�0!�R�!>�,?�N�R@?B�,�"9*7,106�N�6E��!�N06�+0!*-"�,[aD{�"#��0!���'z),?�+5�0S�4".0!�N�6>�B��w�JK)BT�J���QP15-"����N�AE)�+,?B!*7"#,�"�G
f�+�6"�K?,?@

xn−1
06"9I�*-$��

− f(xn) − f(xn−1)

∆u
+ f ′(xn)

xn+1 − xn

∆u

=
f ′(xn) − f ′(xn−1)

∆u
(xn − xn−1) + f ′(xn)

xn+1 − 2xn + xn−1

∆u

− 1

2

(

f ′′(xn−1) + o(1)
) (xn − xn−1)

2

∆u
.
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xn =

X(n∆u)
��*70!�

X( · ) BT"#57$A*-,�I±8s~La-]c=�Y_0!�?�<�cj#K)�%0!*-"�, GH�!"#> ���?*-&(� �4�g��*CB!� 0!"�B!��>9E�57�<E?�%06�?BRa ���?�
j1K?��@��6�+0!*C&�$%���!*C�%06*7"#,g*CBJK�,?�+pF�c&�0!�c@;M1Pg0!���l&(�?"�*C&��9"+G4M)"#K�,?@����!Pg&N"�,?@�*o06*7"#,?BNY��+,?@rB!"k�w�9I��N0

E(xn −
xn−1)

2 ≈ σ2∆u
a	���AK?B��4�'06�� ��

−f(xn) − f(xn−1)

∆u
+ f ′(xn)

xn+1 − xn

∆u
≈ −σ2

2
f ′′(x).

�_"�0!*-,�I�06�?�%0 dW
dt

*7,8HX?a X1=[*-B�BS0(�+,?@?�+�(@JOw�6"%��,�*C�+,'>9"+06*7"#,�*7,
R

N−1 YQ�4�wB!�N�D06�?�%0�0!���h0!�N�6> √

2
∆u

dW
dt*CBJGH"��6>��+5-57P;�+,m�+E?E��!"Q�L*->��%0!*-"�,<0!"<BTE?�#&��N|s06*7>9������*70!�l,?"�*CBT�#a�O4P<&N"�5-57�c&�06*7,�I�0!����06�N�6>�BJ*7, 8:X?a X1=J��,?@

E?�#B!B!*7,?Id06"90!���J5-*7>9*70_�w�J���!�6*7$#�f�+0�0!���dVA}wt3ue8�~La�~�=�a
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�bGL0!�?�w�6*7I#�10��N,?@L|�EF"�*-,10�*CB[GH�6�N�h��,?@J�4�h�?�Q$#�	0!���4MF"�K�,?@?�+�6Pf&N"�,?@L*70!*-"�,)Bh8s~�a XA=�Yc0!�?�N,��3Z��+,?I��N$A*-,J�Rj1K?�+0!*-"�,
>dK)BS0_MF��@L�N�6*-$��R@lGH"��

xN
a����?�fI#�6�#@L*-�N,10�"+G�06���JEF"+0!�R,10!*C�+5��+0406�?�%0_EF"�*-,10_*-B

∂V
∂xN

= − 1

σ2∆u

(

f(xN−1) −
xN − xN−1

∆u

)

,

����*C&(�5-�R�#@�B40!"906����Z���,�I��R$A*7,kVLt3u

dxN

dt
= − 1

σ2∆u

(

f(xN−1) −
xN − xN−1

∆u

)

+

√

2

∆u

dWN

dt
.

�/K�570!*-E�5-PA*7,�Il0!��*CB_�cj#K)�%0!*-"�,kMAP
∆u

�+,?@k5-��0!0!*-,�I
∆u → 0

GH"��6>��+5-57Pl5-�R�#@�B�06"�0!���dM)"#K�,?@����!P�&�"�,)@L*o06*7"#,
8s~�a XA=�a i B!*7>9*-5-���l�+�6I�K�>9�N,109I�*-$��cB.0!���/MF"�K�,)@��+�6Pn&�"#,?@L*70!*-"�,±8s~La �#=.*7Gf0!���/5-��G�0l�R,?@A|bE)"#*7,10

u = 0
*-B
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0!�N�6> *-, 8s~�a ~��#=(a�VAK?�!E��6*CBT*-,�I�5-P��4�lI��N0d�

@L*7pF�R�!�R,10_�!�cBTK�570�*oG	�4�fK)BT�����QPA57"#�w�N�AE)�+,?B!*7"#,����!"#K�,?@
xn

*7,)BS06�R��@"+G
xn−1
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−f(xn) − f(xn−1)

∆u
+ f ′(xn)

xn+1 − xn

∆u
≈ +

σ2
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f ′′(x),
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∂x

∂t
=

1

σ2

(

∂2x

∂u2
− f(x)f ′(x) − ξ

σ2

2
f ′′(x)

)

+
√

2
∂w

∂t
∀(u, t) ∈ [0, 1]× (0,∞),

8:X?a �=

�����R�!�
ξ ∈ R
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x(0) = x−
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u = 1
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X(0) = x−

B!��"�K�5C@M)��BT06�+0!*-"�,?���!Pl@��+06��GH"���8:X?a �=�a
��"l>��+ ��d0!���
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f(x) = x(1 − x2)

Yw0!���/@L*7p�K?BT*-"�,�&�"#,?BT06�+,10
σ = 1
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x− = −1
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��� 8�~La �#=���� <��I� �P'4- <�� �2
R) �=<����/,�-F�����S%4' �

,��('+� 
R)
Zn/∆u �

) � 
 , 8HX?a � =J)/
 �
N = (50`)−1 � ` = 1, . . . , 8.
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�����9@L*CB!&N�!�N0!*CB!�+0!*-"�,/E?���6��>.�N0!�R�6B3�w�R�!�

∆u = 1/N
�+,?@

∆t = 10∆u2 GH"#�f@L*7p��N�6�N,10f$%��57K��cB3"�G N
a'{�"#�

0!�?�J*7,�*70!*C�+5�&�"�,)@L*o06*7"#,�4�J&(��"A"#B!�J��E)�%0!��I��R,��N�(�%06�R@MAP�0!���J*->9E�5-*-&N*o0_u�K?57�R�_>9��0!�?"A@

Xn+1 = Xn +
f(Xn) + f(Xn+1)

2
∆u + ∆Wn, X0 = −1.

����*CB4*7,�*70!*C�+5q@L*CBT0!�6*7M�K�0!*-"�,B!��"#K�5-@lM)�J&�5-"#B!�_06"d06���'BS0(�%0!*-"�,)�+�6P.@L*CBT0!�6*7M�K�0!*-"�,lGH"#�h06����VA}htvuª8:X?a �=�Y�8�~La X1=�a
�����R,��4�JBT*->dK?5-�+0!�f0!���dVL}ht3u K?,#06*75[0!*->.�

t = 0.1
�+,)@&N"�,?B!*-@��N��0!�?�f$%��57K��cB

Zn = x(t, un+1) − x(t, un) − f
(

x(t, un)
)

+ f
(

x(t, un+1)
)

2
∆u

8HX)a � =

GH"��
n = 0, ..., N − 1

�����R�!�
un = n∆u

a��bGD�4�d�+�6��BS06*75-5�*-,/�Rj1K�*-5-*7M��6*-K�> 06���RB!��$%�+5-K��cB_BT�?"�K�5C@kM)�d*sa *sa @qa
N (0, ∆u)
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Zn/∆u
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�6�R�+5-*CB!�+0!*-"�,?BRa �v,��.&N�+,<BT�R�J0!�?�+0v06���dI#�!*C@/E?���6��>9��0!�R�

N
�)��B3��57>9"1BS0f,�"�*-, �?K��R,?&���"�,/06���.>.�c�+,g��,?@

0!�)�%0_"�,?57P�06����@L�6*oG�0�GH�6"�>�0!���dVA}wt3ue8�~La�~+�#=�Y�*sa ��a�0!����&R��B!�
ξ = 1

YL57�c��@�B406"90!����&N"��6�!�c&�0�>.�c�+,[a

�_��� ����¡A¥�¤��A£S¦h¤ ¡L¦ ¡L¨3¥ � � ¦4¦�¡L¨v£T¤ 
 ©g?¦ �v¢T¥ �
�_"%�ª&�"#,?BT*C@L�R��0!���JB!PABT0!�R> 8s��a-]c=(a�������@�*-B6&��6��06*-B6�%06*7"#,���*70!�/BS06�NE/B!* �R�

∆u = 1/N
*CB

Xn = Xn−1 + f(Xn−1)∆u + σ∆Wn X0 ∼ N (a, δ2)

Yn = Yn−1 + g(Xn−1)∆u + γ∆Bn Y0 = 0

GH"��
n = 1, . . . , N

a�������EF"+06�N,10!*C�+5 V GH�6"�> �Rj1K?�%06*7"#,�8:X?a�~�='B!��"�K?5-@<M)���6�NE?5-�#&��R@<MAP V0(x) + V(x) +
U(x, y)

Y)�����N�6� V *-B�@L�Nz?,��c@MAPr8HX)a �1=(Y

V0(x) =
1

∆u

(x0 − a)2

2δ2

�6�NE��6�RB!�N,106Bw06���J*7,?*o06*-��5�&�"#,?@L*70!*-"�,GH"��
X
Y���,?@

U(x, y) =

N
∑

n=1

1

2γ2

(yn − yn−1

∆u
− g(xn−1)

)2

.
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dX

dt
= −(∇xV0 + ∇xV + ∇xU)(X) +

√

2

∆u

dW

dt
,

8HX)a���=

�����R�!�
∂V0/∂xn = 0

�+,?@

− ∂U
∂xn

=
1

γ2

(

yn+1 − yn

∆u
− g(xn)

)

g′(xn)

GH"��
n = 1, . . . , N − 1

a i B
N → ∞ 0!��*CB�I�*-$��cB40!���J�N�106�6�d0!�R�!>��+E�EF�R���!*-,�I.*7,k�cj#K)�%0!*-"�,r8:�?a ~��#=(a
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u = 1

*CB'06����B!��>.���#B'*7,mB!�R&�06*7"#,<X)a ~�Y[MF�R&N��K?B!�
∂V0/∂xN = ∂U/∂xN = 0

a�{�"#�
u = 0

�w�fz?,)@

− ∂(V0 + V + U)

∂x0

= − 1

∆u

x0 − a

δ2
+

1

σ2

(x1 − x0

∆u
− f(x0)

)( 1

∆u
+ f ′(x0)

)

+
1

γ2

(y1 − y0

∆u
− g(x0)

)

g′(x0)
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∆u → 0
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y
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∆u = 10−2 �+,?@ ∆t =

∆u2 a

���T� 	r?£P��
�¥ª©k«�¡�¨��
2w"�,)BT*C@L�N��06����VLtvu

dX

du
= f(X) +

dW

du

8��a7]Q=

�����R�!�40!�?�_@L�!*7G�0
f
*CB	06����8H,��RI#�+0!*-$��c=�I#�6�#@L*7�R,10�"�G��'@L"#K�M�5-���w�R575LEF"+06�N,10!*C�+5L��*70!�90S�4"fBT06��M�5-���Rj1K�*-57*-M��6*7K�>

EF"�*-,#0(B��%0 −1
�+,?@

+1
�

f(x) = −
((x − 1)2(x + 1)2

1 + x2

)′

= x
( 8

(1 + x2)2
− 2

)

.
8��a ~#=
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O(1)
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[0, 100]
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�+�6M�*70!�(�+�6PMF"�K?,?@L�R@g0!*->9�9*7,10!�R�!$%��5-B'�+,)@gB!"�4�.&R�+,;B!��>.E?57��GH�!"#> BT"#57K�0!*-"�,?Bf"+G�8��a7]Q=_"#,�06���9*7,10!�R�!$%��5
[0, 100]
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X(0) = −1, X(100) = +1.
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���$-?�4%�� '%��� 
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 � )/
 � �/
 �  ��� 
 � � 
*) 8�La-]c= � 
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;� �S%
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 , 8T]�a �#= '%�

T = 1000
��� <�� � �(% 
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 � � ' � '�,�- � � ) � 
 , �=<���E FIH � �.'�,�� � 	

x( · , 1000) � <����!� x
� � ' ��
��� �s� 
 � 
R) ��<?�U% 
 �$�6� � - 
 � � ���>�QE ? F H²8�~La�~�= �

����� 
 «	 ��!�1£T«D¤ � � ¦�¦D¡�¨3£!¤�
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E��6"�M�5-�N>ka

B!*-I�,?��5s� dX

du
= −X +

dW

du
, X(0) = 0

"#M?B!�N�6$Q�+0!*-"�,[� dY

du
= X +

1

10

dV

du
, Y (0) = 0,

8��a �1=

�����R�!�
W

��,?@
V
�+�6�3"#,���|�@L*->9�N,?B!*7"#,?�+5�O4�!"%��,?*-��,l>9"+0!*-"�,)BNaD����*CB�&�"#�!�6�RB!E)"#,?@�B�0!".0!���J&R��B!�

δ2 = 0
*-,
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∂x

∂t
=

(∂2x

∂u2
− x

)

+ 100
(dY

du
− x

)

+
√

2
∂w

∂t
∀(u, t) ∈ [0, 1]× (0,∞),
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x(0, t) = 0,
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∂u
(1, t) = −x(1, t) ∀t ∈ (0,∞),
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x(u, 0) = x0(u) ∀u ∈ [0, 1].
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